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Abstract. We study the Dirac spectrum on compact Riemannian spin manifolds M equipped 
with a metric connection V with skew torsion T € A 3 M by means of twistor theory. An 
optimal lower bound for the first eigenvalue of the Dirac operator with torsion is found that 
generalizes Friedrich's classical Riemannian estimate. We also determine a novel twistor and 
Killing equation with torsion and use it to discuss the case in which the minimum is attained 
in the bound. 



1. Introduction & summary 

This paper is devoted to a systematic investigation-via twistor theory-of the Dirac spectrum of 
compact Riemannian spin manifolds (M n ,g) with a metric connection V with skew-symmetric 
torsion T € A 3 (M n ). The manifolds we consider are non-integrable geometric structures endowed 
with the characteristic connection V = V c (see the survey [Ag06 ). A. Gray was the first to 
investigate manifolds and connections of this kind using the notion of weak holonomy [Gra71j . 
Nowadays many different ways exist to tackle the issue of weak holonomy, and they can all be 
described in our setting: to name but a few, the intrinsic-torsion approach ( JSal89j . [SwOOj ). or 
that involving the critical points of some distinguished functional defined on differential forms 
[HitOO . The Dirac operator that one should look at is, hence, not the one associated with V c , 
but rather 

P = D 9 + \t, 

where D 9 is the Riemannian Dirac operator. This generalized Dirac operator with torsion corre- 
sponds to the torsion form T/3 (see |AF04a] . |AF04b] ) . As a matter of fact, p coincides with the 
so-called "cubic Dirac operator" studied by B. Kostant QKo99] . [Ag03 ) on naturally reductive 
spaces, and also with the Dolbeault operator of a Hermitian manifold f [Bi89j . |Gau97| ). More 
recently, theoretical physicists from superstring theory have begun to take interest in the opera- 
tor p and its symmetries |HKWY10] . To obtain spectral estimates it turns out crucial to require 
V C T = 0, for it is this conservation law that ensures the compatibility of the actions of V c and 
T (viewed as an endomorphism) on the spinor bundle. There arc several manifolds that are clas- 
sically known to admit parallel characteristic torsion, namely nearly Kahler manifolds, Sasakian 
manifolds, nearly parallel G2-manifolds, and naturally reductive spaces; these classes have been 
considerably enlarged in more recent work (see [Va79j . }GQ98j . |FrI02j . [Al"03] . [A1FS04] . }Fr07aj . 
|Sch07j ). eventually leading to a host of instances to which our results can be applied. 

On a Riemannian manifold (M n ,g) Penrose's twistor operator (V s denotes the Levi-Civita 
connection) 



(*) p ■■= E e * 

fe=i 
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is known to encode much information on both the spinorial behaviour and the conformal geometry 
of the underlying manifold (see [Li87] . [Li88] . |HL88j . [Fr89] . |Ha90j ). The key point to us is that 
the twistor operator can be used to prove Friedrich's estimate for the smallest eigenvalue A 9 of 
(L> 9 ) 2 f [F780] . [Se98p 

(**) A 9 > —, r min Seal 9 , 

~~ 4(n - 1) ien» 

and to discuss the case where equality holds. But whereas Dirac operators with torsion are by 
now well-established analytical tools in the study of special geometric structures, all attempts to 
develop a sort of twistor theory with torsion have failed, so far. The main problem is that the 
operator defined by (*) has no straightforward generalization in presence of torsion; one might 
try to replace V 9 by the canonical connection V c , or equally well substitute D 9 with|) or with 
the Dirac operator of V c . Yet one realises quickly that either possibility is unlikely to be very 
meaningful from the geometrical viewpoint. 

In this article we derive a twistor operator with torsion by asking which generalization of P 
yields, on a suitable class of geometries with torsion, a lower estimate for the smallest eigenvalue 
oip that contains the optimal estimate (**) in the limiting case of vanishing torsion. 

Throughout the article we will assume (M n ,g) is an oriented Riemannian manifold endowed 
with a metric connection V c with skew-symmetric torsion T g A 3 (M n ). The situation we have 
in mind is that of the characteristic connection of a G structure; as described in |Ag06| , this 
is-if existent-the unique G-invariant metric connection with skew-symmetric torsion, and is well 
understood in all standard geometries. It has to be stressed, however, that our results apply to 
any metric connection with parallel skew-symmetric torsion. It will be useful to consider the 
one-parameter family of connections 

V S X Y = V 9 x Y + 2sT(X 1 Y,-), 

with normalisation chosen so that V s has torsion T if s — 1/4, whence V c = V 1 / 4 . Obviously 
V° = V 9 , so V s can be thought of as a line in the space of connections joining the Levi- 
Civita to the characteristic connection. For each s the respective scalar curvatures fulfill Scal s = 
Seal 9 — 24s 2 ||T|| 2 . The connection V s may be lifted to the spin bundle EM, and will be denoted 
by the same symbol, 

VJfV = V 9 x ip + s(XJT)-ip. 
The spin connection V s induces a twistor operator P s . At the heart of the paper lies a twistorial 
integral equation, which is the content of 

Theorem 13.21 Suppose V C T = 0. For any spinor field ip, the Dirac operator p of the 
connection with torsion |T satisfies the following integral formula: 

(p 2 ip,ip)dM = — ^— [ \\P s ^\\ 2 dM + — - / Scal 9 ||V>|| 2 dM 
m n-lJ M i(n-l)J M 

The parameter s appearing in the twistor operator P s has the value s = 

1 ( n — 3) 

This leads to a twistorial eigenvalue estimate for p that improves all existing eigenvalue 
estimates known (Corollaries 13. II and !3.2p and has a wider application range than these: 

Corollary 13.21 For V C T = and M compact, the smallest eigenvalue A of p 2 satisfies the 
inequality 

Ti „ , n(n — 5) n(4 — n) , 9 9 . 

* 47^ Sc ^ + 8T^ l|T|1 2 + i^W m&x{fil -^ k) = Aw ' 

where fj,x , . . . , /ifc denote the eigenvalues of the torsion endomorphism T on the spin bundle EM. 
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The limiting case is obtained precisely when the eigenspinor is a twistor spinor for the twistor 

71 — 1 

operator with torsion P s , whith s — — -; thus, its torsion is a multiple of the initial 

4(n — 3) 

characteristic torsion and depends on the dimension n of M , through the parameter s. This is 
a rather surprising fact, and it explains why it had not been possible to guess the 'right' twistor 
operator beforehand, although (*) for the Riemannian case already indicates that any answer 
must involve dimM. In Lemma l5.1[ we show that the twistor equation P s ip — is equivalent to 
the field equation 

V^+-X.#+ 1 (XAT)-V = VX. 
n 2{n — 3) 

Friedrich's original proof of his estimate relies on a clever deformation of the Levi-Civita con- 
nection, not on twistor techniques. The same idea was later used for the operator p as well, 
see [AFK08] . [KalO] , But in contrast to the Riemannian situation, the twistor approach (first 
described in the Riemannian setting in [Se98 ) yields results that differ from the deformation 
ansatz in the presence of torsion. Section 2] thoroughly discusses the estimate obtained, and 
compares it to the other available estimates, if any. 

In Section [5] we prove that twistor spinors with torsion generalize Killing spinors with torsion 
(as of Definition 15. ip in the most natural way, and then we discuss the basic geometric properties 
of both kinds. We compute the full integrability condition for the existence of Killing spinors 
with torsion (whose details are deferred to Appendix [B| . This constraint is then used to prove 
that Einstein- Sasaki manifolds cannot admit Killing spinors with torsion (Corollary IA.1I) . This 
result, albeit obtained as a by-product of the aforementioned discussion, is remarkable in its own 
right. On the other hand, we show that non-trivial twistor, and even Killing, spinors with torsion 
do exist: noteworthy instances are certain 5- and 7-dimensional Stiefel manifolds endowed with 
their natural contact structures (Examples 15.11 and !5.2p . 

It emerges from the treatise that the case of dimension n — 6 stands out (Section [5]). We prove 
that, in this distinguished situation, the Killing equation and the twistor equation are equivalent 
(Corollary 16. ip . For nearly Kahler manifolds, we can even prove: 

Theorem 16.11 On a 6- dimensional nearly Kahler manifold (M e ,g,J) with its characteristic 
connection V c , the following classes of spinors coincide: 

(1) Riemannian Killing spinors, 

(2) Y/ 7C -parallel spinors, 

(3) Killing spinors with torsion, 

(4) Twistor spinors with torsion. 

In the last part of the paper the twistorial approach is applied to manifolds with reducible 
characteristic holonomy. It is a standard fact that the splitting of the tangent bundle of a 
Riemannian spin manifold (M n ,g) under the action of the Riemannian holonomy group has 
important consequences for the spectrum of the Dirac operator D 9 ( [Ki04| , |A107j ) ; in the simplest 
one-dimensional case, that assumption just means that M admits a V 9 -parallel vector field 
[A1GI98 . So in a similar fashion we can consider local products of manifolds with parallel 
characteristic torsion, called, for the present purposes, geometries with reducible parallel torsion; 
the precise formulation is found in Definition 17.21 We analyse in detail manifolds with reducible 
parallel torsion and their curvature properties, the study of which was lacking in the literature. 
We derive the necessary partial Schrodinger-Lichnerowicz formulas compatible with the splitting 
(Proposition 17.21) , and from this obtain another interesting spectral estimate for p (Theorem 
17.11) : roughly speaking, the estimate is the same as in Corollarv l3.2[ but now the dimension n of 
the manifold is replaced by the largest dimension of a parallel distribution of the tangent bundle. 
This result is complemented by the ensuing discussion of the equality case. The section's closing 
result (Theorem I7.2p is: 
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Theorem EU If M is locally a product Mi x . . . x M fc , the eigenvalues A 9 of (D 9 ) 2 on M 
and A? of {Df) 2 on Mi satisfy the inequality 

_ K > ^ ca lmin 

^ dim Mi ~ 4 

2—1 

and equality is obtained if and only if there exists a Riemannian Killing spinor on each factor of 
M. 

The proof is based on twistor techniques and, alas, we show that is has no analogue for 
connections with torsion. 

2. Review of the universal eigenvalue estimate 

We recall here the generalized Schrodinger-Lichnerowicz identities for Dirac operators with tor- 
sion and the eigenvalue estimates one can derive from them. A crucial first order differential 
operator that will appear in several instances is 

n 
i=l 

Contrary to a Dirac operator with torsion, it has no Riemannian counter part. Furthermore, 
define (see Appendix |C|) 

°T ■= ^( e ,JT)A(e,JT). 

i 

In |FrI02j . the following identities are proved: 
Theorem 2.1. 

(1) The square of the Dirac operator D s satisfies the relation 

(D s f = A s + 3s dT - 8s 2 a T + 2s ST - 4s V s + iscal s . 

4 

(2) The anticommutator of D s with T is given by 

D S T + TD S = dT + 5T - 8sa T - 2V S . 

Since the spectrum of V s is usually beyond control, these relations are hard to evaluate for, 
say, non parallel spinor fields. The main improvement of |AF04al Thm 6.2] is the following 
rescaling result : 

Theorem 2.2 (Generalized Schrodinger-Lichnerowicz formula). For arbitrary torsion T, one 
has the identity 

(*) (£> s / 3 ) 2 = A s + . S( ff+iscal 9 -2s 2 ||T|| 2 . 

If in addition dT = 2o~t, this may be simplified to 

( D s/ 3 y = A s -.sT 2 + iscal 9 + (s-2s 2 )||T|| 2 . 

This is in particular satisfied if the torsion is parallel for s = 1/4. In this case, the last relation 
has a remarquable consequence. For then A s commutes with T, and this is trivially correct for 
the multiplication by T 2 and by scalars, hence (compare |AF04bl Prop. 3.4]) 

(D s / 3 ) 2 oT = To(D s / 3 ) 2 . 

It is therefore possible to split the spin bundle in the orthogonal sum of its eigenbundles for the 
T action, 

EM = 0E M! 
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and to consider (ZW 3 ) 2 on each of them, since V s and (D s / 3 ) 2 both preserve this splitting. 
We shall henceforth denote the different eigenvalues of T on EM by fii, . . . , fik- We therefore 
obtain the following universal eigenvalue estimate for the first eigenvalue A = \{p 2 ) ofp 2 for 
the connection with torsion T/3. We state it separately on E^ and the whole spin bundle 
EM, for examples teach us that going over to EM often means throwing away too much detail 
information. 

Theorem 2.3 (Universal eigenvalue estimate). For V C T = 0, the smallest eigenvalue A of p 2 
on E^ satisfies the inequality 

X(P\) > Jscal? nin + i||T|| 2 -^ 2 =: /3 univ (^), 

and equality occurs if and only if Seal 3 is constant and E M contains a V c -parallel spinor. For 
the smallest eigenvalue A ofp 2 on the whole spin bundle E, one thus obtains the estimate 

A > Iscal 9 + i||T|| 2 -i max(^,...,^) =: /3 univ . 
4 o 4 

Equality occurs if and only if the eigenspinor is V c -parallel, which can indeed happen in 
some special geometries (compare Section [4]). If T = 0, this is an estimate for the Riemannian 
Dirac operator that fails to be optimal. It was improved 1980 by Thomas Friedrich by a clever 
deformation trick for the Levi-Civita connection. This method, which we will (somehow vaguely) 
call the deformation method in this paper, was successfully applied to Dirac operators with torsion 
( [AFK08] . |Kal0j . Nevertheless, an optimal estimate could not be derived in all cases of interest 
and many open questions remain. 

An alternative approach to Friedrich's inequality is by twistorial techniques. One goal of this 
article is thus to work out this ansatz in detail for connections with torsion, and to improve 
the results obtaind by the deformation method. Contrary to the Riemannian case, the two 
approaches turn out not to be equivalent. 

3. The twistorial eigenvalue estimate 

If m : TM&EM -> EM denotes Clifford multiplication, the projection p : TM®EM -> kerm C 
TM ® EM is locally given by 

1 - 

p(X®i/>) = X®il)+-ye k ®e k -X-il). 

n * — ' 
fc=l 

The Penrose- or Twistor operator is the composition P s := po V s . Locally, 

" 1 

A spinor ip is called a twistor spinor if it lies in the kernel of P s : P s %p — 0. This is equivalent to 
the twistor equation (for still arbitrary parameter value s) 

-X ■ D s ip = 0, 
n 

which has to hold for any vector field X. One easily checks that some properties of Riemannian 
twistor spinors ( [BFGK9 T1 Section 1.4, Thms 2, 3]) carry over without modification to the case 
with torsion. We omit the proof. 

Theorem 3.1. 

(1) -0 ^ a twistor spinor if and only if the following condition holds for any vector fields 
X,Y: 

ATVtV + ^VS^ = -g(X,Y)D s ip. 

n 

(2) ip is a twistor spinor if and only if the expression X ■ \7 S X ip does not depend on the unit 
vector field X . 
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(3) Any twistor spinor ip satisfies: (D s ) 2 ip = nA'f 

(4) Any spinor field ip satisfies: IIP'VII 2 + -\\D s ip\\ 2 = IIV'VII 2 . 

n 

The following calculation is fundamental for the twistorial estimate. 
Lemma 3.1. 



(£>-/ 3 ) 2 -I(D 8 ) 2 = 

n n 

n - 1 



n — 1 



4s 2 



n - 1 



+ 



1 — n 

As 2 



1-n 



Proof. Consider the difference (D° = D 9 ): 

(1)3/3)2 _ I(£)»)2 = (£)0 + sT )2_ 1^0 + 3sT )2 



= (Z?°) 2 + s 2 T 2 + s(£>°T + TD°) - -[(Z? ) 2 + 9s 2 T 2 + 3s(D°T + TL> )] 

n 



1--UD 



,0,2 Ks 2 



1 — — ) T 



s ( 1 ) (D°T + TD V ) 



n - 



n 



hmy + s 2 ^-T 2 + S ^-(D°T + TD°)\. 
n - 1 n — 1 



The square of any Dirac operator D° + [iT can be expanded into 

(D° + fiT) 2 = (D ) 2 + n(D°T + TD°) + M 2 T 2 . 
If we set \i = s^5y, the difference above may be rewritten as 



n 



n 

n-l 
n 

n — 1 
n 



(D°+^tY- S 



D° + s^T 



2 2 4 ™ ™2 



(n - l) 2 



n-l 



,2 4 " y2 
(n-l) 2 



rpZ 



n-l 



□ 



This calculation allows us to prove a crucial integral formula, which will yield the desired 
estimate as an easy corollary. The key idea is that the difference of squares of Dirac operators on 
the left hand side can again by expressed as the square of a suitably renormalizcd Dirac operator 
(and a multiple of the endomorphism T 2 ). We may assume without loss that n > 4, since the 
case n = 3 is not very interesting. Recall that we write V c for the connection with parameter 
s = 1/4. 

Theorem 3.2 (Twistorial integral formula). Suppose V C T = 0. For any spinor field ip, the 
Dirac operator p of the connection with torsion |T satisfies the following integral formula: 



[ (fl 2 i>,iP)dM 

JM 



n 



n-l 

n(n — 5) 
+ 8(n-3) 2 



{ \P^dM + — 



Seal 9 



dM 



\T\\ 



'dM+^-^f (T 2 ^)dM. 
4(n- 3) 2 J M 



Here, the parameter s appearing the the twistor operator P s has the value s — 



n — 1 
4(n - 3) ' 
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Proof. Consider the operator D s / 3 = D 9 + 3sT. Integrating over the generalized Schrodinger- 
Lichnerowicz formula (*) of Theorem 12.21 we obtain (we omit the volume form and the domain 
of integration in most integrals) 



((D'/ 3 )V,$ = / ||V^|| 2 +.s f{dT^) + \ j ScaP|H| 2 -2 s 2 f \\T\\ 2 U\\ 



2 



By identity (4) from Theorem 13. 11 the length ||V S V>|| 2 can be expressed through the twistor and 
the Dirac operator, yielding 

([ (I >-/3)2 _ I(D S ) 2 ]^,^ = / \\P s iA\ 2 + s f(dT^) + ] [ ScaH^|| 2 -2 s 2 / ||T|| 2 ||V>|| 2 . 



The main idea is now to view the difference on the left hand side as the square of a single 
Dirac operator by a clever choice of the parameter s. We rewrite the left hand side using the 
fundamental calculation from Lemma l3.lt 

' f {(D° + s^—^T) 2 ^) = /||P>|| 2 + i /scaF||^|| 2 + 



4 . 

+s J (dT^,rP) - 2s 2 J \T\ 2 \^\ 2 + s 2 -^ J(T 2 ^,^). 

We now choose the parameter s such that the operator on the left hand side becomes just p, 
i.e. the Dirac operator with torsion |T. Since p = D° + jT, this requires s^Ey = \: hence we 
obtain s = 4?—^ > the value encountered in the statement of the result. Inserting this value of 
s yields 

" " ' V^) = I \\P s n 2 + \J ScaFUVII 2 + 



4(n-3) J x 8(n-3) 2 J v " A(n - 3) 2 

The assumption V C T = implies dT — 2ctt, and since T 2 = —2ot + \\T\\ 2 always holds, we get 
dT = —T 2 + \\T\\ 2 . This means for the previous equation 

□ 

It is to be understood that all eigenvalue estimates based on this integral identity are meant on 
compact manifolds, even if this is not repcateds throughout. We can assume that an eigenspinor 
ip oip 2 with eigenvalue A lies in one subbundle S M (see the general comments on the universal 
estimate). Thus, we obtain: 

Corollary 3.1 (Twistorial eigenvalue estimate in For V C T = 0, the smallest eigenvalue A 
ofp 2 on satisfies the inequality 

and equality holds if and only if the following conditions are satisfied: 

(1) the Riemannian scalar curvature of (M,g) is constant, 

71 — 1 

(2) the eigenspinor if) is a twistor spinor for s — — r . 

4(n — 3) 

Corollary 3.2 (Twistorial eigenvalue estimate). For V C T = 0, the smallest eigenvalue A ofp 2 
satisfies the inequality 

n ^ ,0 n(n— 5) n(A — n) , , 
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and equality holds if and only if, in additon to the two conditions from the previous Corollary, 
the eigenspinor ip lies in the subbundle E M corresponding to the largest eigenvalue ofT 2 . 

We make some first pertinent comments on this result. 

(1) The twistorial eigenvalue estimate reduces for T — to Friedrich's inequality, thus show- 
ing its optimality at least in this situation. The quality of the estimate increases if the 
scalar curvature becomes large and dominates the terms in ||T|| 2 and maxf/jj, . . . , /i 2 ). 
But there also exist a few examples with negative scalar curvature (for example, Sasaki 
metrics on compact quotients of Heisenberg groups, see [FrI02] . [FI03a] . [AF04~b]); for 
these manifolds, the twistorial eigenvalue estimate becomes rather bad. 

(2) In some situations, the geometric data yield additional information in which subbundle 

the smallest eigenvalue can occur, or which bundles are of particular interest. In these 
cases, the global estimate from Corollary 13.21 is too coarse, and one should apply instead 
the estimate in one or several well-chosen subbundles as stated in Corollary 13.11 The 
case of parallel spinors discussed in Section @] below is an example of such a situation. 

(3) Strictly speaking, there is not one equality case, but one in every subbundle S^. Thus, 
it may happen that the twistorial eigenvalue estimate on the whole spin bundle S is not 
sharp (for the \x belonging to the maximum of the T eigenvalues), but twistor spinors 
exist nevertheless (namely, for some other /i). 

(4) Unfortunately, one cannot construct a p eigenspinor from a fl eigenspinor that would 
still lie in one of the subbundles £ M - hence, a twistor spinor realizing the optimal 
eigenvalue estimate does not have to be some kind of Killing spinor. Nevertheless, a very 
reasonable Killing equation with torsion exists, and every Killing spinor with torsion is 
necessarily a twistor spinor with torsion. In dimension 6, the converse can be shown (see 
Section [6]). 

In the next Section, we will discuss applications of this estimate in different special geometries 
with torsion and compare it to the universal estimate. Section[5]will be devoted to the discussion 
of the equality case in the twistorial estimate, in particular to the description of Killing and 
twistor spinors with torsion and examples of manifolds where such spinors exist. 



The case n = 4. The 4-dimensional case is special in many respects. For purely algebraic 
reasons, o~t — 0, hence V C T = implies dT — and T 2 acts by scalar multiplication with ||T|| 2 , 
i.e. the only T eigenvalues are ±||T||. Furthermore, V C T — implies V 9 * T = 0, i.e. there 
exists a LC-parallel 1-form on (M 4 ,g). Set c = Sca\ 9 min /\\T\\ 2 . In |AFK08j it was proved that 



The first estimate is just the universal estimate given in Theorem 12.31 Indeed, the deformation 
method used in this paper has the typical property of yielding eigenvalue estimates that are 
valid only for some restricted parameter range. In particular, no improvement was possible for 
c > 3/2. In contrast, the twistorial eigenvalue estimate from Corollary 13.21 yields 



Hence, the parameter range for which the twistor ansatz yields an improvement is complementary 
to the results obtained via deformation techniques. One checks that the twistor estimate lies 
above the universal estimate for c > 9/2. 

The case n = 5. For a 5-dimensional manifold, the twistorial eigenvalue estimate becomes 



4. Discussion of the twistorial estimate 




for c > 3/2, 
l] 2 for 1/6 <c< 3/2 



A > 



iitii 2 r 3i 

c _£ for c > 3/2. 




max(^ 2 , . . 
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A > 



Thus, the quality of the estimate increases for large scalar curvatures. In Example [5Tj we show 
that the Stiefel manifold V4.2 = SO(4)/SO(2) carries a metric for which this estimate becomes 
optimal. On the other hand, we can identify manifolds for which the twistorial estimate yields 
no improvement. This is for example the case for Sasaki manifolds (M 5 , g, £, 77, ip): In this case, 
there exists a unique connection V with totally skew-symmetric torsion preserving the Sasakian 
structure by |FrI02| . The torsion form is given by the formula T = rj A dr], and ||T|| = 8 holds. 
T splits the spinor bundle into two 1-dimensional bundles and one 2-dimensional bundle, 

S ±4 = € SA/ 5 : Tip = ±4ip} , So = € ^M 5 : Tip — 0} . 

Thus, max(/ij, . . . , [jfy = 16 and the twistorial estimate becomes 

A > ^Scal^ in -5. 

On the other hand, it was proved by the deformation ansatz in |AFK08j that 

Te [1 + jScal^J 2 for - 4 < Scal? nin < 4(9 + 4>/5) 

v ^Sc< in for Sc< in >4(9 + 4 V / 5)^71,78. 

The estimates coincide for Scalf nin = 36; for all other possible scalar curvatures, the deformation 
estimate is better. Thus, the main advantage of the twistorial estimates lies here in its uni- 
versality: It makes a statement for non-Sasaki manifolds as well, a case that is not covered by 
|AFK08j . 

The case n = 6. Nearly Kahler manifolds will be discussed in Section HI Hence, let us con- 
sider some of the other classes of manifolds with parallel characteristic torsion. Almost Her- 
mitian 6- manifolds with parallel characteristic torsion were classified by Schoemann in |Sch07j : 
in particular, it was shown that there exist many almost Hermitian manifolds of Gray-Hervella 
type W3 or W4 with parallel characteristic torsion - nilpotent Lie groups, naturally reductive 
spaces, S' 1 -fibrations over Sasaki 5-manifolds etc. For both classes, the torsion has eigenvalues 
fj. = 0,±y/2\\T\\, thus the twistorial eigenvalue estimate for W3 or W4 geometries with parallel 
torsion is given by 

The right hand side is non-negative for Scal^ lin > 35||T|j 2 /18. For this curvature range, the de- 
formation technique did not yield any improvement of the universal eigenvalue estimate [KalOj . 
However, it was proved therein that there exist no V c -parallel spinors, hence the universal esti- 
mate could not be optimal; thus, the twistor estimate is better for these large scalar curvatures. 

Existence of V c -parallel spinors. In general, the twistor and the universal estimate cannot 
be compared abstractly. But if there exists a V c -parallel spinor field ip 6 S^, the universal 
eigenvalue estimate A (see Theorem 12. 3[) is sharp for some T eigenvalue fi, i.e. 

A = Jscal? nin + i||T|| 2 -i M 2 =: /3 univ (^)- 

Notice that Seal 3 has to be constant in this situation: By identity (1) from Theorem 12. II |FrI02, 
Cor. 3.2] for parallel torsion, such a spinor satisfies crrV'+Scal c ^/4 = 0, so the fact that V c <tt = 
implies Scal c = const, and then the claim follows (this generalizes the well-known fact that 
the Riemannian scalar curvature vanishes in the presence of a V s -parallel spinor, see |Hit74j ). 
Hence we can drop the minimum in the formula for A. On the other hand, V c ?/> = implies 
pip = —\Tip = —%ip, hence A = /i 2 /4. Thus, we have the relation 

(*) Sca19 = -tHI t II 2 + V- 

A priori, it is not so easy to compare this result with the twistorial eigenvalue estimate A > /3tw (/-*)■ 
However, in the presence of V c -parallel spinor fields, the twistorial estimate cannot be larger 
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than the universal estimate, i.e. /3tw(/i) < /3 U mv(A*) needs to hold. This observation leads to the 
following result, which is of interest on his own: 

Lemma 4.1. Suppose that V C T = 0, that there exists at least one V ' c -parallel spinor field 
^ ip £ Sju, and that n < 8. Then the following inequalities hold: 

(**) < 2n\\T\\ 2 + (n~9)v 2 , ScaF < ^^1\\T\\ 2 . 

2(9 — n) 

Furthermore, equality is attained if and only if f3t w (fi) — /3 U niv (/■*)• 

Proof. We only sketch the argument, leaving out the routine computations. First, one checks 
that (3tvi(n) < /?univ(/^) is equivalent to 



(n-l)(9-n) a (n-l)(2n-9) 2 
2(n-3) 2 11 11 + (n-3) 2 ^ ' 



Rewriting relation (*) as —ScaF = ||T|| 2 /2 — 2^i 2 and adding this to the previous inequality, 
one obtains the first of the two statements. It becomes trivial for n > 9. For n < 8, it can be 
rewritten as /f 2 < 2n||T|| 2 /(9 — n). We then use this in order to eliminate ff 2 from the identity 
(*), yielding the second statement. □ 

We thus have an easy criterion for excluding the existence of parallel spinors and for checking 
whether the two eigenvalue estimates yield the same result. 

For example, consider a 6-dimensional nearly Kahler manifold (M 6 , g, J) with its characteristic 
connection V c . These are Einstein spaces of positive scalar curvature, ||T|| 2 = ^ScaF, and T 
has the eigenvalues /i = (multiplicity 6) and /i = ±2||T|| (each with multiplicity 1). It is well- 
known that the two Riemannian Killing spinors ip± are V c -parallel and lie in S_|-2||t||- One then 
checks by hand that Ptwin) = Punwif-) = igScaF, and indeed one sees that the relations (**) 
hold with an equality sign. Qualitatively, the same happens for nearly parallel G2 manifolds. 

5. Killing and twistor spinors with torsion 

Lemma 5.1. Suppose V C T = 0. The twistor equation P s tp = corresponding to the parameter 
n — 1 

value s = — is equivalent to 

4(n - 3) y 



and each such twistor spinor satisfies 



ScaF+ " ( ""?J|ri| a + n(4 - n lr 2 



4(n-l) 8(n-3) 2 " " 4(n - 3) 



tl>. 



Proof. For s — 4 ^ t _ 1 3 ^ , one has 



and 



2(n — 3) 



2(n — 3) 



Inserting these expressions into the twistor equation leads to 

V ^ V + -X .pip + - 1 (X ■ T + X J T) ■ ^ = 0. 
n Z(n — 3j 

The claim then follows, since X ■ T = X t\T — X AT . To derive the identity for p 2 on twistor 
spinors, we proceed similarly as in the proof of the twistorial integral formula (Theorem l3.2j) . but 
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with one crucial change. Let ip be a twistor spinor, s — 4 ^_ 1 3 - ) ■ We start with the generalized 
Schrodinger-Lichnerowicz formula (*) of Theorem 12. 2\ 



(D s ^ 3 ) 2 ip = A s ip + sdTip+-Scal 9 ip-2s 2 \\T\\ 2 ip. 

Instead of the norm identity (4) for any spinor from Theorem 13. 11 we can now use the operator 
identity (3), (D s ) 2 ip = nA s ip to rewrite this as 

(D a / s f^--(D s fip = sdTiP+\sca\ 9 iP-2s 2 \\T\\ 2 ip. 
n 4 

By the fundamental Lemma l3.1[ the left hand side can be expressed through |9 2 , 

— -p 2 ^ - ,s 2 — T 2 i/) = sdTip +iscal 9 V-2s 2 ||T|| 2 V>. 
n n — 1 4 

Now one finishes the calculation as in the proof of Theorem 13.21 and it comes as no surprise that 
the identity obtained is exactly the operator version of the twistorial integral formula without 
J ||P S V>|| dM term. □ 

Observe that being only a twistor spinor does not imply being a p 2 eigenspinor, hence we 
cannot conclude from the last identity that the scalar curvature has to be constant if such a 
spinor exists. We shall now define the Killing equation with torsion for any dimension n. 

Definition 5.1 (Killing spinor with torsion). A spinor field ip is called a Killing spinor with 
torsion if the equation = kX ■ ip for s = 4 (" t l 1 3 ) holds. The spinor then satisfies D s ip = 

—nmjj, which is equivalent to 

n 

piP = -nuip - — —Tip. 

2(n — 6) 

Thus, contrary to a twistor spinor with torsion, any Killing spinor with torsion known to lie 
in some T-eigenspace £ M is a ^-eigenspinor. 

Observe that the Killing vector fields of a metric connection with antisymmetric torsion are 
precisely those of the Levi-Civita connection, hence the vector field 

n 

(1) := }j(ip,ej ■ ip)ei 

i=l 

is Killing as in the Riemannian situation (compare BFGK91, p. 30]). The next result claims 
that all Killing spinors are twistor spinors with matching parameters. We omit the easy proof. 

Lemma 5.2. Suppose V C T — and i/j £ E,,. The Killing equation S/ S x ip — kX ■ ip for s = 4-7^^ 
is then equivalent to 



x 



iP 



2(n-3) 



X-^ + - ( 1 , (X A T)ip = 0. 
2(n — 3) 



In particular, ip is a twistor spinor with torsion for the same value s, and the Killing number k 
satisfies the quadratic equation 

2 



2(n-3) 



1 rScaP + ^^llTll 2 -,^^ 



4(n-l) 8(n-3) 2 " " 4(n - 3) 2 



In particular, the scalar curvature has to be constant. 

Remark 5.1. If T = 0, and a fortiori /i = 0, this quadratic equation reduces to the well-known 
relation Seal 9 = An(n — 1)k 2 for Riemannian Killing spinors [Fr80 . However, k — does not 
correspond to V c -parallel spinors because of the torsion shift hidden in the value of s, hence 
is a priori an admissible Killing number (contrary to the Riemannian case). An easy formal 
calculation shows: Any spinor field parallel for the connection with torsion T is a Killing spinor 
with torsion with n — for the connection with torsion ^4 T. This can be a useful remark 

J n—l 
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when parallel spinors are known to exist for a connection with non-parallel torsion for which the 
rescaled torsion T becomes parallel. 

The Killing equation with torsion can be used to express the curvature operator of a manifold 
admitting such spinor fields. Thus, we obtain an algebraic identity for the Ricci tensor; the 
rather lengthy proof is deferred to Appendix |Bj 

Theorem 5.1 (integrability condition). Let ip be a Killing spinor with torsion with Killing 



iber k, set A := 



„, 1 „. for convenience, and recall 

2(n— 3) J ' 



that s = 



4(n-3) ' 



Then the Ricci curvature 



of the characteristic connection satisfies the identity 

Ric c pf)V> = -16s/«pf JT)V> + 4(n- l)n 2 X^ + (1 - 12\ 2 ){X A <r T )^ + 
+2(2A 2 + A) J2 e k (T(X, e k ) J T)tp . 
As a typical application of this result, it is shown in Corollarv lA.il 

Corollary 5.1. A 5 -dimensional Einstein-Sasaki manifold [M, g,£,T),ip) endowed with its char- 
acteristic connection cannot admit Killing spinors with torsion. 

Example 5.1 (A 5-dimensional manifold with Killing spinors with torsion). The 5-dimensional 
Stiefel manifold V4.2 = SO(4)/SO(2) carries a one-parameter family of metrics constructed by 
G. Jensen |Jen75j with many remarkable properties. Embed H = S0(2) into G = S0(4) as the 
lower diagonal 2x2 block. Then the Lie algebra so (4) splits into so (2) ©m, where m is given by 



m 



-a 
a 


-X 1 


X 







(a,X) : a € R, X € 7W 2 , 2 (R) 



Denote by j3(X,Y) := ti(X t Y) the Killing form of so(4). Then the Jensen metric on m to the 
parameter t € R is defined by 

((a,X),(b,Y)) = ^p(X,Y)+t/3(a,b) = ±P(X, Y) + 2t ■ ab . 

For t = 2/3, G. Jensen proved that this metric is Einstein, and Th. Friedrich showed that it 
carries a homogeneous spin structure and that it admits two Riemannian Killing spinors [Fr80 
and thus realizes the equality case in his estimate for the first eigenvalue of the Dirac operator. 
A detailed investigation of this family of metrics from the point of view of metric connections 
with torsion may be found in |Ag03| ; in particular, we refer to these two papers for all proofs of 
formulas given below (however, we will write down whatever is needed to follow our argument). 
Denote by Eij the standard basis of so(4). Then the elements 

Z\ := -E13, Z-2 := E14, Z3 = E23, Z4 = E24, Z5 = 7^= E\% 

form an orthonormal basis of m. Identifying m with 



representation of an element g{9) = 



cos f 
sinf 



I 5 via the chosen basis, the isotropy 
e H = SO (2) and its lift to the 4- 



dimensional spinor representation k : Spin(R 5 



Ad g{0) 



— smt 
cos 9 

— > GL(A5) can be computed 



cos 9 


— sin 9 








" 




sin 9 


cos 9 



















cos 9 


— sin 9 





, K (Adg{9)) = 








sin 9 


cos 9 



















1 





- el e 




























1 














1 



Thus, the basis elements ^3 and ipi of A5 define sections of the spinor bundle S = G X^rJd) ^ 5 
if viewed as constant maps G — > A5. In fact, for t = 2/3, V' ± := + ^4 are exactly 

the Riemannian Killing spinors from |Fr80j . For the undeformed metric (t — 1/2), these two 
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spinors are parallel. In |Jen75| Prop. 3], the author computed the abstract formulas for the 
map Am : m = K 5 — > so (5) defining the Levi-Civita connection in the sense of Wang's Theorem 
[KN69, Ch. X, Thm 2.1]. In our example, this yields (viewed as endomorphisms of] 



-E 35 , A m {Z 2 ) = 



^45, 



-E 15 , A m (Z,) = 



A^5 



1 - t 



{Ei 



E, 



The space m has a preferred direction, namely £ = Z5, which is fixed under the isotropy repre- 
sentation. Denote its dual 1-form, r)(X) — (Z$,X) by 77. As discussed in Ag03], there exist three 
almost contact metric structures intertwining the isotropy representation, and their characteris- 
tic connections with torsion coincide (see [FrI02j for general results). To fix the ideas, choose for 
example the skew-symmetric endomorphism ip : TM — > TM defined by <-p(Z\) = — Z3, (p{Z<x) = 
— Z±, ipiZs) = 0. The differential of its fundamental form F(X, Y) := (X, <p(Y)} and its Nijenhuis 
tensor vanish. Thus, the Stiefel manifold T4,2 admits a characteristic connection V c with torsion 

T = 7] A dr/ = -y/2t [Z x A Z 3 + Z 2 A Z 4 ) A Z 5 . 

One checks that T is parallel, hence the methods described here apply. Furthermore, one has 
the following geometric data, 

IITII 2 



4f. 



^e{0,±2V2t}, Seal 9 = 8-2t, Ric 9 = diag(2 - t, 2 - t, 2 - t, 2 - t, 2t). 

Using the formulas for the Levi-Civita connection, one checks that ■0 ± is an ^)-eigenspinor to the 
eigenvalue ±l/\f2t. Since , ± lies in the bundle S M with [i = =p2v2T, the universal eigenvalue 
estimate and the twistorial eigenvalue estimate take the numerical values 

5 25 

Ainiv = 2(1— t), /3tw = 77 7rt. 

Z o 

Thus, the two estimates coincide for t — 4/9; below this value, the twistorial estimate is better, 
while above, the universal estimate is to be preferred. For large t - corresponding to highly 
negative curvature - both estimates are not applicable. In the figure below, these estimates and 
the known eigenvalue X(p 2 ) — l/2t oil/) 2 are drawn. 




A priori, X(p 2 ) has no reason to be the smallest eigenvalue. However, in the case t = 1/2 the 
spinor fields i[> are V c -parallel, and thus they realize the equality case in the universal estimate. 
For the twistorial estimate, one sees that ^tw becomes optimal for t — 2/5, and thus ■0 ± are 
automatically twistor spinors with torsion. A more detailed computer computation reveals that 
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more is true in this case: ip^ is a Killing spinor with torsion to the Killing numbeiQ k = ±-\/5/10. 
These are two of the four solutions of the two quadratic equations for k from Lemma 15.21 (one 
equation for each value of /i), the other two being ±3v5/10 (for // = =p2v2t)- These would 
yield a larger ^-eigenvalue, thus they cannot correspond to twistor spinors. One checks that the 
Killing vector fields associated to ■0 ± by equation ([1} are non- vanishing multiples of £ = Z5. 

The example also illustrates the eigenvalue estimate in single eigensubbundles E^, as described 
in Corollarv l3.ll The torsion T has the eigenvalues 0, ±2\/2i, thus max(/x|) = 8t, and as we saw, 
the twistor spinors with torsion lie in the eigensubbundles corresponding the the fj, values for 
which the maximum is attained. On the other side, Corollary 13. II allows an eigenvalue estimate 
on the remaining bundle with /i = 0. Since n = 5, the twistorial eigenvalue estimate takes the 
form 

KP\ ) > Aw(0) = ^ScaP = fc^. 

This is exactly the Riemannian estimate. It is optimal if and only if there exists a Riemannian 
Killing spinor in Eo, which is never the case. We can again compare this estimate with the 
universal estimate from Theorem [ 



A(|) 2 | Eo ) > /WO) = iscaP + i||T|| 2 = 2. 

Hence, the twistorial estimate lies above the universal estimate for t < 4/5. Since equality in 
the universal estimate is obtained for V c -parallel spinors, it can presumably not be obtained as 
well, though we have no strict argument that excludes the existence of parallel spinors in Eo. 

Example 5.2 (A 7-dimensional manifold with Killing spinors with torsion). We shortly describe 
a second example, relatively similar to the previous one, hence we will not give so many details. 
Consider the 7-dimensional Stiefel manifold Vs,2 = SO(5)/SO(3), whith SO(3) embedded as up- 
per diagonal (3 x 3)-block. The complement m of so (3) inside so (5) splits under the isotropy 
representation into two copies of the defining representation and a one-dimensional trivial sum- 
mand, m = ITI3 © © mi. We define a new metric on Vs,2 by deforming the Killing form in 
direction of mi by a factor t > 0, g+ := 81 „ + tB\ . This manifold is known to be Einstein 

J ' a ^lm 3 ©m 3 r lmi 

Sasaki and to have two Riemannian Killing spinors for t = 3/2, sec FKMS97 , [KaOO . V5.2 
carries an almost metric contact structure in direction mi = K • Z7 with vanishing Nijenhuis 
tensor and (p — En + £25 + £36 • It admits a characteristic connection V c with torsion 

T = ?y A dT] = -Vt [Z x AZ A + Z 2 A Z 5 + Z 3 A Z 6 ) A Z 7 . 

One checks that V C T = for all t and that the T eigenvalues are 3\At (multiplicity 2) and 
— \Ji (multiplicity 6). The lift of the isotropy representation to the spin representation has 
two invariant spinors tp± G S 3v /j, which will thus define global spinor fields on Vs t 2- After 
computing the formulas for the Levi-Civita connection, one checks that are -p-eigenspinors 
to the eigenvalue ± — 3/2y/i. Furthermore, 

||T|| 2 = 3t, Seal 9 = 18-3t/2, Ric 9 = diag(3 - t/2, . . . , 3 - t/2, 3t/2). 

The universal eigenvalue estimate and the twistorial eigenvalue estimate take the numerical values 

9 21 49 

Puniv — 7(2 ~ t)l Ptw — — —t. 

4 4 16 

Equality is reached for t = 12/13, hence the twistorial estimate is better for metrics with t < 
12/13. Indeed, <p± are Killing spinors with torsion for t = 42/49 with the Killing number 
k = -V42/56. 



The example thus shows that the Killing number of a Killing spinor with torsion on a compact manifold can 
be of either sign, in contrast to the Riemannian case. 
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6. The twistor equation in dimension 6 



In dimension 6, the twistor equation can be further reduced to a Killing equation, thus leading 
to considerable simplifications. For convenience, recall that the twistorial eigenvalue estimate for 
n = 6 amounts to 

»>>rf + -L|T|»-i»A 



Lemma 6.1. Assume V C T 
satisfy the relation 



und let ip be a twistor spinor for s — 4 ™ n ^ ■ Then p an 



d T 



6 , 



pT + (l )Tp 



\T\ 



Proof. We start with the anticommutator relation from [FrI02 , cited in Theorem 12.11 (2): 

D S T + TD S = dT + ST- 8ser T - 2V S . 
For V c -parallel torsion and s = 1/4, the three first terms on the right hand side vanish, hence 

D C T + TD C = -2V C . 
bmce D c = p+\T, this may be restated as 

pT + Tp + T 2 = -2V C . 
The action of T> c on a twistor spinor ip may be computed from the twistor equation (Lemma 15.1 



with s = 



4(n-3) 



and X = e,, multiplying by &i J T and then summing over i, 



V c iP + -Tpifj 



1 



1 



\T\ 



0. 



Now one obtains the desired result by inserting the expression for T> c ?p in the previous relation. 

□ 



This relation has particularly interesting consequences for n = 6. 

Corollary 6.1. Let n = 6 and V C T = 0. If ip is a twistor spinor for s = 
eigenbundle E^, exactly one of the two following cases holds: 

(1) fi = 0: either T = or tp — 0; 

(2) fi ^ Q: ip is a p eigenspinor with eigenvalue 



12 



in the T 



Pi) 



mi 

fJL 



and the twistor equation for ip and s = 5/12 is equivalent to the Killing equation \7 s tp 



kX ■ ij) for the same value of s and Killing number n — 



the Killing equation in its final form 



T 



thus leading to 



xv 18 



ITII 



/' 



X -^ + l(X AT)iJ; 



0. 



In particular, the scalar curvature is constant and satisfies the relation 

4 IITII 4 



—Seal* = -/i 2 + -imi 2 T r 

10 9^ 36" 11 9 n 2 

Proof. Lemma |6 . 1 1 yields for n — 6 and a twistor spinor %p 

1 



pTijj 



[ T 2 +2 \\T\\ 2 ] xjj. 



By assumption, Tip — piip, hence 



i4N> = -3 [m 2 + 2||t|| 2 ] v,. 
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In case p = 0, we get ||T|| 2, = 0, hence the first claim. For p ^ 0, we may divide by p, and ip 
is an eigenspinor of p. We insert this eigenvalue relation into the twistor equation from Lemma 
IO 



1 

18 



ITII 



X-rp + -{XAT)iP 
6 



0. 



On the other hand, suppose that ip is a Killing spinor in S M for s = j^. The Killing equation 
V^f p = kX ■ p implies that p is an eigenspinor of D s with eigenvalue —nn. For us, this means 

D-kp = (p + T)p = -6np. 
Since p is also an eigenspinor for p, this last equation yields for the Killing number k the value 



IITII 



/' 



With this value of k, the Killing equation for s = -A becomes equivalent to 



V c x p 



1 

18 



ITII 



X-p + -(XAT)p 
6 



0. 



Hence, every twistor spinor in is necessarily a Killing spinor. 

The claim on the scalar curvature follows essentially from Lemma 15. II For a twistor spinor tp 
in the T eigenbundle E M , it yields 

p 2 i)> = IscaF • V + ^||T|| 2 ^ - l^. 

On the other side, the p eigenvalue equation squared amounts to 

1 



rV> = 7^+4||T|| 2 + -||T||V 



A direct comparison leads to the relation for Seal 9 . 



□ 



Remark 6.1. The value given for the scalar curvature in the previous Corollary allows to solve 
explicitly the general quadratic equation for the Killing number k stated in Lemma 15.21 One 
obtains the possible solutions 



ITII 



or k 2 



ITU 



2(i 



The previous Lemma thus shows that k 2 cannot occur. 



Example 6.1. Consider a 6-dimensional nearly Kahlcr manifold (M 6 ,g, J) with its characteristic 
connection V c (see also the discussion at the end of Section @|. These are Einstein spaces of 
positive scalar curvature, ||T|| 2 = ^Scal ff , and T has the eigenvalues p, — of multiplicity 6 
and p — ±2||T||, each with multiplicity 1, and the torsion is always parallel [A1FS04 . It is 
well-known that it has two Riemannian Killing spinors p± [FG85] . that these coincide with 
the V c -parallel spinors |FrI02( Thm. 10.8], and that they lie in £±2||r||- ^ s observed before, 
Ptw(lJ') — Ainiv(M) = ^Scal 9 : Thus, any V c -parallel spinor has to be a twistor spinor with 
torsion by Corollary 13.21 Corollary 16.11 then implies that it is already a Killing spinor with 
torsion. If /i = 0, any twistor spinor with torsion would have to be a Riemannian twistor spinor, 
but it is kwown that these do not exist in So- Hence, we proved: 

Theorem 6.1. On a 6-dimensional nearly Kahler manifold (M e ,g,J) with its characteristic 
connection V c , the following classes of spinors coincide: 

(1) Riemannian Killing spinors, 

(2) \7 c -parallel spinors, 

(3) Killing spinors with torsion (s = 5/12), 

(4) Twistor spinors with torsion (s = 5/12). 
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Furthermore, there is exactly one such spinor ip± in each of the subbundles £_|-2||t||> their Killing 

\\T\\ 1 / Seal 9 

numbers (with torsion) are k — =p - = =p — y ^ and their p eigenvalues are =p||r| — 
1 2 Seal 9 

Further examples of 6-dimensional manifolds with Killing spinors with torsion well be discussed 
in a forthcoming paper. 

7. TWISTORIAL ESTIMATES FOR MANIFOLDS WITH REDUCIBLE HOLONOMY 

Recall that we assume that (M n ,g) is an oriented Riemannian manifold endowed with a met- 
ric connection V with skew-symmetric torsion T € A 3 (M"). The holonomy group Hol(M"; V) 
(sometimes just abbreviated Hol(V) if no confusions are possible) is then a subgroup of SO(n), 
and we shall assume that it is a closed subgroup to avoid pathological cases. In order to dis- 
tinguish it from the torsion, the tangent bundle and its subbundles will be denoted by TM n , 
7i,T 2 .... 

Definition 7.1 (parallel distribution). Let x £ M n and T x be a Hol(M"; V)-invariant subspace 
of TM n . For any other point y, choose a curve 7 from x to y and denote by T v the image of T x 
in T y M n under parallel transport along 7. The subspace T y does not depend on the choice of 
7, for any other curve 7 defines a closed loop through x by /i := 7 _1 7 and T x is by assumption 
invariant under parallel transport along \i, meaning 7 _1 7(T' X ) = T x . This implies 7(2^) = ^(Tx) 
as stated. In particular, any Hol(M"; V)-invariant subspace T x C T x M n defines a distribution 
T C TM n . Any distribution occuring in this way will be called parallel. 

The proof of the following basic lemma carries over from Riemannian geometry without modifi- 
cations (see for example [KN631 Prop. 5.1]). 

Lemma 7.1. Let T C TM n be a parallel distribution and Y e T ■ For any X £ TM n , V xY is 
again in T; in particular, R(Xi, X^)Y € T for any X\, X^. 

For a torsion free connection, this property implies of course that any parallel distribution is 
involutive; but for general metric connections this conclusion does not hold anymore. 

Let T be a parallel distribution, M its orthogonal distribution defined by M x := Tj~ in every 
point x £ M n . The fact that all elements of Hol(M n ; V) are orthogonal transformations implies 
that Af is again a parallel distribution. Thus, the tangent bundle splits into an orthogonal sum 
of parallel distributions (n^ := dim7i) 

TM n = Ti © . . . 8 T fe , and Hol(M" ; V) C O(m) x . . . x 0(n k ) C SO(n). 

We assume that every distribution % is again orientable and that the holonomy preserves the 
orientation, i. e. we assume 

Hol(Af"; V) c SO(m) x ... x SO(n fe ). 

In this case, every parallel distribution % defines a parallel n^-form: if X\, . . . , X ni is a generating 
frame for 7i, then c\i := X% A ... A X ni is a differential form and spans a 1-dimensional SO(rii)- 
invariant subspace of A ni (M n ). This is necessarily the trivial representation, meaning that on 
is invariant under parallel transport. We agree that any orthonormal frame ei, . . . , e TO of TM n 
shall respect the splitting in parallel distributions (i. e. no has parts in different distributions 
Ti), and that e\,...,e l n . is to denote an orthonormal frame of Ti, i = 1, . . . , k. 

We will now describe the 'block structure' of the curvature. All curvatures are meant to be 
those of the connection V. Recall that the curvature tensor of a metric connection has the 
symmetry property 

g(U(X,Y)W 1 ,W 2 ) = -g(U(X,Y)W 2 ,W 1 ). 
Since the distributions T,Tj are orthogonal, Lemma |7. II implies for any vector fields X, Y that 

(2) g{n{X,Y)T i ,T j )=Qiii^j. 
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Furthermore, the Ambrose- Singer theorem implies that the curvature operator R(X, Y) vanishes 

ifXe7I, YeTj, 

(3) R{Ti,%) = fori^j, 

since the holonomy group is generated by all curvature operators. We now consider the Ricci 
curvature. 

Proposition 7.1. The Ricci tensor has block structure, 





Rici 







Ric = 

















Ricfe 



i. e. Ric(A, Y) ^ can only happen if X,Y € 77 for some i. 

k 

The scalar curvature splits into 'partial scalar curvatures' Scab. := trRiQ, and Seal = Scab ■ 

i=i 

Proof. A summand of the Ricci tensor Ric(A, Y) — . R(e m , X, Y, e m ) can only be non 

trivial if the vectors (e m , X) lie in the same 71 by equation ©, and if the vectors (e m , Y) lie in 
the same Tj by equation @ . But since the vector e m is the same in both cases (and thus cannot 
lie in two different distributions), we conclude that e rn , X, and Y all have to lie in some Ti. Thus 
we can define 

Tli 

m Ci {X,Y) := J^Rie^X^et). 

m—l 

Then, Ric = 2_h=i and it has the stated block structure. The partial scalar curvatures are 
now just the traces of these partial Ricci tensors. □ 

Remark 7.1. Observe that the partial Ricci tensor vanishes in directions of parallel vector fields 

(m = i). 

Remark 7.2. Be cautious that despite of the block structure of the Ricci curvature, one has in 
general that R(X, Y, U, V) ^ if X, Y e %, U, V e Tj for i ^ j. 

Let us now consider, as in the first part of this paper, the 1-parameter family of connections 

\J S X Y = V g x Y + 2sT(X,Y,-). 

All quantities (curvature etc.) belonging to the connection V s will carry an upper index s. We 
make the following crucial assumptions: 

Definition 7.2. Assume that 

(1) there exists a value sq such that V S °T = 0; without loss of generality, we will assume 
that the torsion is normalized in such a way that so = 1/4. Instead of V 1 / 4 , we will 
write V c , 

(2) the tangent bundle TM n — © i=1 % splits into V s -parallel distributions % for all pa- 
rameters s and Hol(M"; V s ) c SO(ni) x . . . x SO(n fe ), 

(3) the torsion splits into a sum T = J2^ =1 Ti, Ti e A 3 (%). 

We observe that the conditions contain some redundancy: if the torsion splits as described, 
then it is sufficient to assume that the tangent bundle is a sum of parallel distributions for one 
parameter s. 

By de Rham's Theorem, (M n ,g) is then locally a product of Riemannian manifolds, i.e. the 
universal cover M of M splits into M = Mi x . . . x Mk with dim Mj = m . A result of Cleyton and 
Moroianu [CM11 implies that each Ti satisfies V c Ti = 0, and in fact, each Ti is the projection 
to M of a 3-form in A 3 (Af^). In the sequel, we shall call a manifold satisfying these assumptions 
a geometry with reducible parallel torsion. 
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Remark 7.3. Since the forms Ti live on disjoint distributions, T{Tj — —TjTi for i ^ j in 
the Clifford algebra. This implies T 2 = J2i=i and hence every eigenvalue /i 2 of T 2 is a 
sum of eigenvalues of the single T 2 . By the orthogonality of the distributions %, the identity 

imi 2 = £tiimn 2 hows. 

We can deduce some further curvature properties from this assumption: 

Lemma 7.2. If (M,g) carries a geometry with reducible parallel torsion, TZ S (X, Y, Z, V) can 
only be non-zero if all vectors lie in the same subspace % for some i. Furthermore, the A- form 

k 

&T splits in gt = o'u where c*i :— a T i . 

i=l 

Proof. The splitting T = £ Tj implies <jt = £ a ii °~i := a T i j by definition of ot- From Theorem 
IB. 11 we know that the Bianchi identity in this case reads 

X ~Y Z 

6 K s (X, Y,Z,V) = s [6 - 8s] a T (X, Y, Z, V) . 

Consider now vectors X, Y, U, V. In order for TZ S (X, Y, U, V) to be possibly non zero, we need 
to assume that I,F e 7,, U, V £ Tj for some indices i,j. The elements TZ S (Y, U, X, V) and 
TZ S (U, X, Y, V), however, vanish from equations (j3|) and ((2|), thus we are left in this case with 

K S {X,Y,U,V) = s{6-8s)a T (X,Y,Z,V). 

But ot(X, Y, Z, V) can only be different from zero if all vectors lie in the same %. □ 

Assuming that M n is spin, the curvature i?s of the spinor bundle EM™ for the connection 

V s 

Rh(X,Y)^ := V s x V^-Vf,V s x V-Vf Xir] V 
is related to the curvature 1Z S of the tangent bundle TM n by 

RUXXW = ^R S (XAY)-^, 

where we interpret the curvature transformation TZ S as an endomorphism on 2-forms: TZ s (ei A 
e,j) := X)fc<; ^tjki e k A e;. This allows to draw conclusions on from the described splittings. 

Partial Schrodinger-Lichnerowicz formulas. The splitting of the tangent bundle makes a 
certain amount of bookkeeping unavoidable. Let pi denote the orthogonal projection from TM n 
onto Ti and define the 'partial connections' 

k 

V# ■■= V; i(x)l hence V* = £v*. 

i=i 

They induce the notions of 'partial Dirac operators' and 'partial spinor Laplacians' (fi is the 
usual Clifford multiplication) through 

k k 

Dl := fioP', D = J2 D ^ A * := (V" ,i )*V' ,i , A s = J2 A *- 

i=l i=l 



At a fixed point p £ M™ we choose orthonormal bases e\ , . . . , e l n . of the distributions 7i (i 

-l IV 



1, . . . , k) such that (V^ ej) p = for all suitable indices i,j, m, I. Note that our chosen basis has 



the properties [e^e^] = ~T{e\ n ,e > l ) and e l m = 0. It is convenient (and consistent with the 
notation introduced above) to abbreviate by V^ 1 . The partial Dirac and Laplace operators 
may then be expressed as 

ik ■■= £ e »> v ™ ' A < : X v ™ v ^ ■ 
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The divergence term of the Laplacian vanishes because of V S j e l m = 0. We compute the squares 
of the partial Dirac operators D^ and their anticommutators. To formulate the statement, set 

Tli 

m—l 

in full analogy to the classical case without splitting of TM (k = 1). 

Proposition 7.2. Assume that M carries a geometry with reducible parallel torsion. The partial 
Dirac operators Df then satisfy the identities 

(i) (Df) 2 = Aj + s(6 - 8s) o~i - 4sVf + -Seal*, 
(u) DID] + D°Dl=Q fori ^j, 

(hi) (Dff = Af + 2 S a % + \sc^ l ~2s 2 \\T l \\ 2 . 

Proof. For the first identity, let k and I be indices running between 1 and dim7i = rij. We split 
the sum into terms with k — I and k =/= I, 

m rii 

{Din = E4vr e ?vrv = -E v w>+E4e!vrv^ 

k.l=l k=l k^l 

= A?+E4eKv£vr-vrvr)v> 

k<l 

und express the second term through the curvature in the spinor bundle, 



(Df)V = A^ + E^ej [nh(el,e])- 

k<l 

7£f. in turn can be expressed through the curvature i?, and by Lemma 17.21 only terms with all 
four vectors inside % can occur: 

E4«(4,e?) = iE e ^ s (e^AeD-^ = \ E ^'(4 4 4' e*)e* fc e{e*e* V- 

fc<; k<l k<l,p<q 

The summands with same index pairs add up to half the partial scalar curvature, while totally 
different indices yield the Clifford multiplication by the 4- form a 1 . Index pairs with one common 
index add up to zero, because the Ricci tensor is symmetric (Theorem IB. lj) . The third identity 
follows by a routine calculation. 

For the second identity and i ^ j, we proceed similarly. However, there is no diagonal term 
resulting in an analogue of the Laplacian, hence 

D'Dj + DjD? = E4ef [nUel4)-V s neijei) . 

k,l ' 1 

But the mixed curvature operator vanishes as observed in equation ([3]), and T(71, 7}) is zero as 
well by the assumption that T does not contain any mixed terms. □ 

The second identity has a crucial consequence: all the operators (D s ) 2 , (Df) 2 , . . . , (Df.) 2 can be 
simultaneously diagonalized. 

fe 

Lemma 7.3. For all parameters s, (D s ) 2 = ^(Df) 2 and (Df) 2 (Df) 2 = (D>>) 2 (Df) 2 Wi f j. 

z=l 

k 

In particular, any eigenvalue A of (D s ) 2 is the sum of eigenvalues Xi of (Df) 2 , A = Aj. 
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Adapted Twistor Operator. We define a twistor operator P s : r(EM) -> T(TM* ® EM) 
adapted to the splitting TM n — i=1 7i of the tangent bundle by 

k 

(4) P> = V> + ^-^el®el.^. 

i=l 2 i=l 

By a simple computation, one checks that 

k 

(5) \w s n 2 = ((a s -E^-w) 2 )v-,V'). 



i=l 



Theorem 7.1 (Twistorial eigenvalue estimate for products). Assume that M carries a geom- 
etry with reducible parallel torsion, and that the dimensions of the subbundles 7* are ordered 
by ascending dimensions, n\ < n 2 < . . . < n k . The smallest eigenvalue A of If) 2 satisfies the 
inequality 

M \ > Uk Seal 9 | "fc("fc-5) ||T||2 n k {A-n k ) 2 , 

Zei M = Mi x ... x Mk be the universal cover of M , dimAfi = m, and s := 4(^-3) ■ Equality 
holds in (*) «/ and cmZy i/ £/ie following conditions are satisfied: 

(1) TTie Riemannian scalar curvature of{M,g) is constant, 

(2) There exists a twistor spinor with torsion for s on M k , 

(3) Fori = l,...,k-l: 

(a) If Hi < n k : there exists a V s -parallel spinor on Mi, 

(b) If Hi — rik'- there exists a V s -parallel or a twistor spinor with torsion for s on Mi, 

(4) these spinors lie in the subbundle E^Mj) corresponding to the largest eigenvalue of T 2 
(i = l...,k). 



Proof. From Theorem 12.21 we know that 

(£>«/3ja = As_ s T 2 + iscal 5 + (s-2s 2 )||T|| 2 . 
Now from Theorem [7] and equation ([5]) 

"((^/ 3 )W)) = /(AW>-s /(TW) + i |(ScalW) + (s - 2s 2 ) J ||T|| 2 ||M| 5 

2 



k 



4 

Adding - J (^-(D 3 ) 2 ^, -0) on the both sides 



s l(T 2 ^,4>) + \ I (ScaPV» + (s - 2s 2 ) I \\T\\ 2 \\\<P\\ 



f{\(D s / 3 f-—(D s f}^) = j \\P s n 2 + /( E / -{Dtf-—(D*f 
J n k J J f— ' J Hi n k 



ip,i/j) 



-s j{T s ^) + - A J (ScaPV» + (s - 2s 2 ) / r||-|||r|| 
Using the same techniques as in Lemma 13.11 and Theorem 13.21 we have 

(ij-/3)2__L(X»»)2 = 2*^l^))a + : J£!_T 2 withs= Uk ~ 1 



n k n k 1 - n k 4(n fe - 3) ' 
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We also note from Lemma FT31 that J(D S ) 2 
above formula implies 
rife - 1 



hence, if we set s 



4(«fc-3) ' 



the 



rife 

(1 - n fc )(rife - 4) 
4(n fc " 3) 2 



\p s n 



i 



■fe-i 
E 

.i=l 



(Dt) 



(T>,V) + 7 / (Scal»^> + 



1 1 

(n fe - l)(n fe - 5) 



s ^2 



(rife - 3) 2 



imi 2 ||MI 2 . 



Since the first two terms on the right hand side of the first line are clearly > 0, the estimate 
follows. The equality case is obtained if the scalar curvature is constant, the eigenvalue /i 2 of T 2 
is maximal and 

P s ip = 0, and (£>f) 2 V> = if n t < n k . 
By the splitting of the tangent bundle, P 3 ip = is equivalent to 



v 5, v ■ 



1 n» 

1 E' 



Vi = 1. 



If Dftp = (for example, if rij < rife), this implies V s,l ip = 0. If not, n.; = has to hold and 



+ -pipr) • d^v 



0. 



where we recall that pi denoted the projection TM — > %. In order to obtain the corresponding 
spinor fields on the factors Mi, one argues as in A 107 : Let fi : Mi — > M be the inclusion, 
q : M — > M the projection. The pullback (q o /j)*EM is a Clifford bundle over Mj, hence it is 
a sum of finitely many copies of SMj, and the connection V s with torsion 4sT pulls back to the 
connection with torsion 4sTi . The pullbacks of the spinor fields then satisfy the corresponding 
field equations. For the last claim, observe that T 2 = X)j=i if as observed in Remark l7.3[ hence 
the maximum is reached if and only if the eivenvalue of each single T 2 is maximal. □ 



Remark 7.4. The coefficient of the scalar curvature is strictly decreasing with growing n, 
while the other two coefficients (of ||T|| 2 and max(/i 2 , . . . , ^i 2 )) are first increasing (for n > 5 
resp. n > 6), then decreasing for larger n (n > 15) and reach quickly their limits 1/8 and —1/4. 
Thus, this estimate becomes better for products where the scalar curvature dominates the other 
two terms. We believe that the estimate will be particularly useful if M is locally a product of 
manifolds of the same dimension (though not necessarily carrying the same geometry) , because 
it has a 'nicer' equality case. 

Remark 7.5. Theorem 17 . 1 1 generalizes the main result by E. C. Kim and B. Alexandrov ( Ki04j, 
[A107P for the Riemannian Dirac operator on locally reducible Riemannian manifolds. They 
proved that the first eigenvalue X 9 of the square of the Riemannian Dirac operator (D 9 ) 2 satisfies 

(6) A* > JT^ScaCn, 

again for ascending dimensions of the single factors, and obtained the corresponding equality 
case. 

Example 7.1. Consider a 10-dimensional manifold that is a product of two 5-dimensional man- 
ifolds with parallel characteristic torsion; this defines a geometry with reducible parallel torsion. 
Then the 10-dimensional twistorial estimate of the eigenvalue of-p 2 reads (Corollary 13.21) 

A> ^caC n + ^||Tf-H max(A 
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where max(/i 2 ) denotes the maximal eigenvalue of T 2 . On the other side, the twistorial eigenvalue 
estimate for products (Theorem 17. lj) yields 

5 5 
A > -Scal^ in - — max(/i 2 ). 

One recognizes that one gets a truly different estimate that will be of interest for large scalar 
curvatures. 

More comments on eigenvalues for product manifolds. We shall now explain how the 
proof of the main Theorem in |A107j can easily be modified to obtain a different kind of Riemann- 
ian estimate, which we find of interest on its own. It is plain that their main result (equation ([5])) 
and our Theorem 17.11 contain a built-in asymmetry: The top dimension n k plays a particular role 
in the estimate and the equality case predicts a twistor spinor on the n^-dimensional factor and a 
parallel spinor on all other factors. We asked ourselves: Is there an estimate (in the Riemannian 
case resp. torsion case) that is symmetric in all dimensions and that reaches equality if and 
only if there exists a twistor spinor on each factor? 

Let's recall the global setting for the Riemannian case: Consider a compact spin manifold M 
whose tangent bundle TM splits into parallel, pairwise orthogonal distributions %, i — 1, . . . , fc, 
and where we assume that the dimensions are ordered by 1 < n\ < . . . < n&. Then the partial 
Levi-Civita derivatives V 9,1 , the partial Riemannian Dirac operators Df, partial Riemannian 
curvatures etc. are defined as we did before, but without any torsion appearing. In particular, 
it is true that a D 9 eigenspinor can be chosen in such a way that it is also a Df eigenspinor for 
all i, and the eigenvalues of the squares of these operators satisfy A 9 = A 9 + . . . + A^. Since the 
manifold is locally a product, the partial eigenvalues Af have really a geometric meaning of their 
own. 



Theorem 7.2. The eigenvalues A 9 of (D 9 ) 2 and Af of (Df) 2 satisfy the inequality 

\9 _ > ^ Ca ^iin 



and equality is obtained if and only if there exists a Riemannian Killing spinor on each factor of 
M. 

Proof. For the adapted Riemannian twistor operator P° =: P (compare equation and an 
arbitrary spinor field ip, B. Alexandrov proves in |A107] the integral formula 



|PVI| 2 = 



1 - 



1 

rik 



((D 9 ) 2 ^^)-J2 



1 



,Scal 9 



ibr,ip). 



In order to obtain a result (our equation (J6])) in which the partial eigenvalues A^ do not appear 
anymore, he observes that 1/rij — > by assumption and neglects these terms together 

with the twistor term IjP?/;!! 2 . For proving our Theorem, the main point is to keep these terms! 
Choose an eigenspinor ip such that (D 9 ) 2 ip — X 9 tp, (Df ) 2 ip = Af ijj (this is always possible). Since 
||PVH 2 > 0, we obtain 

fe-i 



> 



1 

I 



WII 2 -£ 



i 



AflM 2 -(^W 



Estimating the scalar curvature as usual by its minimum and and dividing by the length W^PW 2 > 
yields then the result after a short computation, which we omit. The discussion of the the equality 
case follows the same line of arguments as in [A107J . □ 

Let us discuss the value of this result. On every single factor, Friedrich's classical estimate 



A * - 4(^~T) (Scal?)mir 
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holds, so by summation (and a quick calculation) we get 

k , , k 

/rain • 



V-yA > 7^(Scalf) r 



. . . 4^- v 

l— 1 z— 1 

Since in general ^(Scar?) m i n < Seal? ) m i n , our result is non trivial. This is particularly plain 
when only Scal^ in is strictly positive, but not all (Scalf ) m in- From an aesthetic point of view, 
Theorem 17.21 removes the asymmetry of equation ^ and Theorem 17. 1[ as desired. 

Unfortunately, Theorem 17.21 has no reasonable analogue for Dirac operators with torsion. In 
oder to obtain a similar result, one is lead to allow the parameter s of the adapted twistor 
operator to change in each summannd %. The resulting inequality then links the eigenvalues 
oip 2 and (£>?*), where now Si = (rii — 1)/A(rii — 3). However, these operators no not have an 
intrinsic geometric meaning, nor do they commute withjp 2 . Hence, the result is not of interest. 

Appendix A. Proof and application of the integrability condition 

We begin with a remarkable identity that relates the curvature operator and the Ricci operator 
in the spin bundle. Recall that the curvature operator of any spin connection can be understood 
as a endomorphism-valued 2-form, 

K(X,Y)iJj = VxVy^-VyVx^-V [X y^. 

One checks that it is related to the curvature operator on 2-forms defined through 

U(ei A e ) := ^ R io u e k A e ; 

k<l 

by the relation 

n(X,Y)tp = -n(XAY)-tp. 

Furthermore, we understand the Ricci tensor as an endomorphism on the tangent bundle. Then 
the identity stated in the following theorem is crucial for deriving integrability conditions. It 
generalizes a well-known result of Friedrich [Fr80 for the Levi-Civita connection (T = 0). A 
special case of the result-that is, applied to a parallel spinor-may be found in |FrI02j . The result 
appeared for the first time in the diploma thesis of Mario Kassuba |Ka06j . which was written 
under the supervision of the first author and Thomas Friedrich at Humboldt University Berlin 
in 2006. 

Theorem A.l. Let V c be a metric spin connection with parallel torsion T , V C T = 0. Then, 
the following identity holds for any spinor field %j) and any vector field X 

n 

Ric c (X)-?A = -2^2e k TZ c (X,e k )^+ -X J dT ■ ip. 
fe=i 

Proof. Rewrite the first term on the right hand side (without the numerical factor) as 

n 1 n 1 n 

^2e k TZ c {ei,e k ) = — e k ■ 7Z c (ei A e k ) = 2^]^4ij e t e i e j = : R1+R2, 

fe=l k=l k=l i<j 

where Ri denotes all terms with three different indices k,i,j, and R2 all terms with at least one 
repeated index. We first discuss Ri: 



Yj Rlkij e k e i e j + ^ Rl k ij e ke.jej + ^ Rlkij e k^j 



1 ^ T ^Mj 

2 Z^i ® R\,kij e kZiZj, 
k<i<j 



k<i i<k<j j<k 

where the symbol & denotes the cyclic sum. The first Bianchi identity for a metric connection 
with parallel skew torsion |FrI02) . [Ag06 

X e Z K(X,Y,Z,V) - \dT{X,Y,Z,V) 
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implies then R\ — — e; J dT/4. We now consider R 2 . Here, the argument does not depend on the 
detailed type of the connection, only the property of being metric is used (it implies that R% k ji 
is antisymmetric in the third and fourth argument, see |Ag06| Section 2.8]). One checks that 



R2 = - 



2^ 

r=l 



V-l 

ETDC 

p=l 



E 

q=r+l 



R 



Iqqr^ 



But since the Ricci tensor is exactly the contraction of the curvature, R2 
ends the proof. 



-Ric c (e ; )/2. This 
□ 



We use this result to formulate the necessary curvature integrability conditions for Killing 
spinors with torsion. For Riemannian Killing spinors (T = 0), this results just means that the 
underlying manifold has to be Einstein. 

Theorem A. 2. Suppose V C T = 0. Let ip be a Killing spinor with torsion with Killing number 
k, set A := „, 1 „, for convenience, and recall that s = .?~\-. . Then the Ricci curvature of the 

? 2(n— 3) J ? 4(n— 3) J 

characteristic connection satisfies for all vector fields X the identity 

Ric c (X)^ = -16sn(XJT)ij + 4:(n-l)K 2 XiP+(l-12\ 2 )(XJo-T)i' + 
+2(2A 2 + A) e k (T(X, e k ) J T)tp . 

Proof. We will first establish a relation between the actions of 1Z C and 71 s on the Killing spinor 
ip. As an abbreviation, we set A := 2 (n-3) • ^ or ^ ne curvature endomorphism, we obtain by 
using the identity V x ^ = ^"k^ + -M^ - 1 T)if) and the product rule for the covariant derivative 
of Clifford products: 

n s (x,Y)^ = v^v^v-v^v^-vf^v 

= TZ C {X, Y)i> + XV C X ((Y J T)ij}) + X(X J T)V c Y ijj + \ 2 {X J T){Y J T)i/> 

-\V C Y ((X J T)ip) - X(Y J T)V c x ip - X 2 (Y J T)(X J T)tp - A ([AT, Y] J T)i/j 

= TZ C (X, Y)*jj + X(V C X ((Y J T))ip + X(Y J T)V c x ip + X(X J T)V Y tp 

-X(V Y (X J T))ip - X(X J T)V^V - A(F J T)V' x ^i - X([X, Y] J T)ip 

= K C (X, Y)tJj + X(V C X Y J T)ij> + X 2 (XJ T){Y J T)ip 

-X{V C Y (X J T))ip - X 2 (Y J T)(X J T)ip - X([X, Y] J T)ip . 

From the general formula V x (Y Jlj) = (V X Y) Juj + Y J (V x uj) and the assumption V C T = 0, 
we conclude: 

K s (X,Y)i; = Tl c {X,Y)^ + X 2 {XAT){Y AT)^-X 2 {Y AT){XAT)^ 
+X(T(X, Y) A T)ip . 

Together with the identities (2) and (4) from the compilation of important formulas (Lemma 
IC.lj) . this allows us to compute the summand e k7t s (X, e k )4>, 

J2e k n s (X,e k )iP = ^e fe ^ c (X,e fe )V' + 3A 2 ((XJT)T-T(XJT))^ 

-2A 2 J2 T ( X > e k)(e k J T)ip + XJ2 e k (T{X, e k ) A T)tp . 
The second term can be simplified through formulas (2) and (6) of Lemma [C. 11 



{X A T)T - T(X JT)= (XT 2 + T 2 X) = --Xa T - cr T X = -2X A a T ■ 
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The third term can be simplified as follows, 

Y,T(X,e k )(e k jT) = ^ T(X, e k , e m )e m {e k J T) 

fe k,rn 

= ^ e m y^ T(X, e k , e m )(e k J T) 

m k 

= - ^ e m T(X, e m , e k (e k J T) 

rn k 

= -^e m (T(X,e m ) JT). 

m 

Thus, we obtain alltogether: 

J2 e k K s (X, e fe )V = ^{X, e k )^ - 6A 2 (X J <j T )tf, + (2A 2 + A) £ e fe (T(X, e fe ) J 2> . 

Now we specialize to the case that ip is a Killing spinor with V^V = nXip. In this case, 7Z S (X, Y) 
acts on ^> by 

= KT s (x,y)v> + K 2 (FX-xy)v>, 

where T s = 4sT. We form again the desired sum. The relation 

ekT(X, e k )^ = ~Y J T{X, e k M = 2{X J T)ip 

yields 

e k TZ s (X, efc)V> = 8sk(X J T)tp + 2(1 — n) K 2 ATV> . 

The claim now follows from Theorem IA.1I if one observes that dT = 2<jt holds for parallel 
torsion. □ 



By contracting the identity for the Ricci curvature once more, one obtains a formula for the 
scalar curvature of a metric admitting Killing spinors with torsion. However, one checks that 
this result coincides with the equation for the scalar curvature stated in Lemma 15.21 

We now give a typical example how the previous result can be used to prove non-existence 
results for Killing spinors with torsion. 

Corollary A.l. A 5 -dimensional Einstein-Sasaki manifold (M, g, £,77, (p) endowed with its char- 
acteristic connection cannot admit Killing spinors with torsion. 

Proof. It is known that a 5-dimensional Einstein- Sasaki manifold admits a local frame such that 

£ = 77 = es, drj = 2(ei A e 2 + €3 A e^), T c = i] A drj = 2(ei A e 2 + e 3 A e 4 ) A e 5 . 

Furthermore, in this frame, Seal 9 = 20, ||T|| = 8 and the eigenvalues of T are 0, ±4. Hence, 
Lemma HT21 allows us to compute all possible values of the Killing number k, leading to the table 



fj, 





4 


-4 


K 


±1 


1± ^ 


1± & 
1 - 1 - 10 



In this situation, s = 1/2 and A = 1/4. For the Ricci curvature, observe that these are related 

by 

1 5 

mc g (X,Y) = Ric c (X,F) + -J2g(T c (X,e t ),T c (Y, ei )). 
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2 -Id 



Thus, the Einstein condition Ric 9 (ei) = 4-Id implies Ric c (e.;) = 2-Id for i = 1, . . . ,4, Ric c (e5) = 0. 
Now pick your favorite spin representation and evaluate with arbitrary k and for X = ex the 
expression (just a (4 x 4)-matrix) 

1 3 5 

-8/s(ei J T) + 16 K 2 ei + -{ ei J a T ) + - £ e fe (T( ei , e k ) J T) 

k=X 

and check that for all possible K values above, the determinant is nonzero. Hence, this endomor- 
phism on the spin bundle has no kernel, that is, there cannot exist a spinor field <p ( n ot even in 
a point) satisfying the integrability condition from Theorem IA.2I for X = ex- 

Appendix B. Curvature properties for families of connections 

The curvature of a metric connection V with parallel torsion T £ A 3 (TM n ) is known to have 
some special properties. In this section, we show how some of these properties can be transferred 
to a 1-parameter family of connections in which only one connection has this property, matching 
of course exactly the situation encountered in this paper. 

Theorem B.l. Assume that (M,g) carries a 1-parameter family of metric connections V s with 
skew torsion T 6 A 3 (Af) 

V S X Y = W x Y + 2sT(X,Y,-), 
and that V C T = 0, where V c is the connection corresponding to s — 1/4. Then, for all s G BL 
the covariant derivative of the torsion is given by 

V S X T(U,V,W) = 2s a T (U,V,W,X), 

and the first Bianchi identity reduces to 

X Y Z 

& K s {X, Y, Z,V) = s [6 - 8s] cr T (X, Y, Z, V) . 
This implies, in particular, that the curvature is symmetric under intertwining of blocks, 

K S {X,Y,U,V) = K S {U,V,X,Y). 
Furthermore, the Ricci tensor Ric s is symmetric. 
Proof. The connections are related by 



V S X Y = V X Y 



2s- 1 - 
2 



T(X,Y,-), 



thus the covariant derivatives satisfy 
V' X T(U,V,W) = V C X T(U,V,W) 



2s- 



1 



[T{T(X, U), V, W) + T(U, T(X, V), W) + T(U, V, T(X, W))} 
- 2h [-T(W, V, T(X, U)) - T(U, W, T(X, V)) + T(U, V, T(X, W))} 



- - 2s 
2 



- - 2s 
2 



- - 2s 
2 



{-g(T(W, V), T(X, U)) - g(T(U, W),T(X, V)) + g(T(U, V),T(X, W))] 
[-g(T(V, W),T(U, X)) - g(T(W, U),T(V, X)) - g(T(U, V), T(W, X))} 



[-a T (U,V,W,X)} = 



2s- - 
2 



<r T (U,V,W,X) 



by the definition of a T |Ag06[ Dfn A.l]. Consider the first Bianchi identity |Ag06[ Thm 2.6] 



X.Y,Z 



& K S {X,Y,Z,V) = dT s (X,Y,Z,V) +V S V T S {X,Y,Z) - <t T s{X,Y,Z,V), 
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where T s = AsT and ctt= = 16s 2 ctt are the corresponding quantities of the connection V s . Since 
V C T = 0, its torsion T satisfies dT = 2ctt<= = 2&t- A routine calculation yields then the claimed 
formula. The property of the curvature tensor follows by the same symmetrization argument as 
in |Ag06| Remark 2.3]. 

For the symmetry of the Ricci tensor, we argue as follows: for alle parameters s, the V s - 
divergences 6 s of T coincide, 6 S T = S^T (see |Ag06l Prop. A.2]). But V C T = implies S C T = 0, 
so S S T = 0, and this is precisely the antisymmetric part of the Ricci tensor, so symmetry follows 
at once ( [FrI02j . |Ag06[ Thm A.l]). □ 

Appendix C. Compilation of important formulas 

We compile some remarkable identities that are used throughout this article. All of them are 
routine exercises, so we abstain from giving proofs or detailed references for all. Some of the 
less obvious formulas (4-6) can be found in |Ag06] and }FrI02j . though earlier publications are 
certainly possible. Recall the definition of the important 4-form ax derived from any 3-form T: 

aT - ^X)(ei-ir)A(eiJT). 

i 

Lemma C.l. For a 3-form T, a k-form oj, a vector field X , an orthonormal frame e±, . . . , e n 
and spinor fields tp, ip, the following identities hold: 

(1) X -T = X AT - X AT, T ■ X = -X AT - X JT 

(2) X ■ T + T ■ X = -2XJT, more generally, X-w- {-l) k cu ■ X = —2X J cu. 

(3) (T-tP,<p) = (tP,T-<p) 

n n 

(4) ^(e, J T)tn = J2 e ^ -IT) = 3T 

»=i i=i 

n n 

(5) ^(e, J T) ■ (ei JT) = ^(e, J T) A (e, ; J T) - 3||T|| 2 = 2a T - 3||T|| 2 

8=1 1=1 

n 

(6) T 2 = - ^(e, J T) A (a -AT) + \\T\\ 2 = -2a T + \\T\\ 2 

i=l 

n 

(7) e i ■ ( e * A T) = (3 - n)T 
t=i 

n 

(8) Y / T(X,e j )-e j = -2XjT 

3=1 

References 

[Ag03] I. Agricola, Connections on naturally reductive spaces, their Dirac operator and homogeneous models in 

string theory, Comm. Math. Phys. 232 (2003), 535-563. 
[Ag06] I. Agricola, The Srni lectures on non-integrable geometries with torsion, Arch. Math. (Brno) 42 (2006), 

5-84. With an appendix by Mario Kassuba. 
[AF04a] I. Agricola and Th. Friedrich, On the holonomy of connections with skew- symmetric torsion, Math. Ann. 

328 (2004), 711-748. 

[AF04b] , The Casimir operator of a metric connection with skew- symmetric torsion, Jour. Geom. Phys. 

50 (2004), 188-204. 

[AFK08] I. Agricola, Th. Friedrich, and M. Kassuba, Eigenvalue estimates for Dirac operators with parallel 

characteristic torsion, Din". Geom. Appl. 26 (2008), 613-624. 
[A103] B. Alexandrov, Sp(n)U(l)- connections with parallel totally skew- symmetric torsion, Journ. Geom. Phys. 

57 (2006), 323-337. 

[A107] , The first eigenvalue of the Dirac operator on locally reducible Riemannian manifolds, J. Geom. 

Phys. 57 (2007), 467-472. 

[A1FS04] B. Alexandrov, Th. Friedrich, N. Schoemann, Almost Hermitian 6-manifolds revisited, J. Geom. Phys. 
53 (2005), 1-30. 

[A1GI98] B. Alexandrov, G. Grantcharov, and S. Ivanov, An estimate for the first eigenvalue of the Dirac operator 
on compact Riemannian spin manifold admitting parallel one-form, J. Geom. Phys. 28 (1998), 263-270. 



TWISTORIAL EIGENVALUE ESTIMATES 



20 



[BFGK91] H. Baum, Th. Friedrich, R. Grunewald, I. Kath, Twistors and Killing spinors on Riemannian mani- 
folds, Teubner-Texte zur Mathematik, Band 124, Teubner-Verlag Stuttgart / Leipzig, 1991. 

[BM01] F. Belgun, A. Moroianu, Nearly Kahler 6-manifolds with reduced holonomy, Ann. Global Anal. Geom. 
19 (2001), 307-319. 

[Bi89] J. M. Bismut, A local index theorem for non-Kahlerian manifolds, Math. Ann. 284 (1989), 681-699. 
[CM11] R. Cleyton, A. Moroianu, Metric connections with parallel torsion, to appear. 

[Fr80] Th. Friedrich, Der erste Eigenwert des Dirac- Operators einer kompakten, Riemannschen Mannigfaltigkeit 

nichtnegativer Skalarkriimmung, Math. Nachr. 97 (1980), 117-146. 
[Fr89] , On the conformal relations between twistor and Killing spinors, Suppl. Rend. Circ. Mat. Palermo 

(1989), 59-75. 

[Fr02] , Dirac operators in Riemannian geometry, Graduate Studies in Mathematics 25, AMS, Providence, 

Rhode Island, 2000. 

[Fri03b] , On types of non-integrable geometries, Suppl. Rend. Circ. Mat. di Palermo Ser. II, 71 (2003), 

99-113. 

[Fr07a] , Gi-manifolds with parallel characteristic torsion, Diff. Geom. Appl. 25 (2007), 632-648. 

[FG85] Th. Friedrich and R. Grunewald, On the first eigenvalue of the Dirac operator on ^-dimensional manifolds, 
Ann Glob. Anal. Geom. 3 (1985), 265-273. 

[FrI02] Th. Friedrich and S. Ivanov, Parallel spinors and connections with skew- symmetric torsion in string the- 
ory, Asian Journ. Math. 6 (2002), 303-336. 

[FI03a] , Almost contact manifolds, connections with torsion and parallel spinors, J. Reine Angew. Math. 

559 (2003), 217-236. 

[FKMS97] Th. Friedrich, I. Kath, A. Moroianu and U. Semmelmann, On nearly parallel G2-structures, Journ. 

Geom. Phys. 23 (1997), 256-286. 
[Gau97] P. Gauduchon, Hermitian connections and Dirac operators, Boll. Un. Mat. Ial. ser. VII 2 (1997), 257-289. 
[G098] P. Gauduchon, L. Ornea, Locally conformally Kahler metrics on Hopf surfaces, Ann. Inst. Fourier 48 

(1998), 1107-1127. 

[Gra71] A. Gray, Weak holonomy groups, Math. Z. 123 (1971), 290-300. 

[Ha90] K. Habcrmann, The twistor equation on Riemannian spin manifolds, J. Geom. Phys. (1990), 469-488. 
[HL88] O. Hijazi, A. Lichncrowicz, Spineurs harmoniques, spineurs-twisteurs et geometrie conforme, C. R. Acad. 

Sci. Paris 307, Serie I (1988), 833-838. 
[Hit74] N. Hitchin, Harmonic spinors, Adv. in Math. 14 (1974), 1-55. 

[HitOO] , The geometry of three-forms in six and seven dimensions, Journ. Diff. Geom. 55 (2000), 547-576. 

[HKWY10] T. Houri, D. Kubiznak, C. Warnick, Y. Yasui, Symmetries of the Dirac operator with skew- symmetric 

torsion, Class. Quantum Grav. 27 (2010), 185019. 
[Jen75] G. Jensen, Imbeddings of Stiefel manifolds into Grassmannians, Duke Math. J. 42 (1975), 397-407. 
[Ka06] M. Kassuba, Der erste Eigenwert des Operators D 1 / 3 einer kompakten Sasaki- Mannigfaltigkeit, diploma 

thesis, Humboldt Univ. Berlin, 2006. 
[KalO] M. Kassuba, Eigenvalue estimates for Dirac operators in geometries with torsion, Ann. Glob. Anal. Geom. 

37 (2010), 33-71. 

[KaOO] I. Kath, Pseudo- Riemannian T-duals of compact Riemannian homogeneous spaces, Transform. Groups 5 
(2000), 157-179. 

[Ki04] E. C. Kim, Lower bounds of the Dirac eigenvalues on Riemannian product manifolds, math.DG/0402427 
[KN63] S. Kobayashi and K. Nomizu, Foundations of differential geometry I, Wiley Classics Library, Wiley Inc., 
Princeton, 1963, 1991. 

[KN69] , Foundations of differential geometry II, Wiley Classics Library, Wiley Inc., Princeton, 1969, 

1996. 

[Ko99] B. Kostant, A cubic Dirac operator and the emergence of Euler number multiplets of representations for 

equal rank subgroups, Duke Math. J. 100 (1999), 447-501. 
[Li87] A. Lichnerowicz, Spin manifolds, Killing spinors and universality of the Hijazi inequality, Lett. Math. 

Phys. 13 (1987), 331-344. 

[Li88] , Killing spinors, twistor- spinors and Hijazi inequality, J. Geom. Phys. 5 (1988), 2-18. 

[Sal89] S. Salamon, Riemannian geometry and holonomy groups, Pitman Research Notes in Mathematical Series, 

201. Jon Wiley & Sons, 1989. 
[Se98] U. Semmelmann, A short proof of eigenvalue estimates for the Dirac operator on Riemannian and Kahler 

manifolds, Differential Geom. Appl., proceedings, Brno (1998), 137-140. 
[Sch07] Nils Schoemann, Almost Hermitian structures with parallel torsion, J. Geom. Phys. 57 (2007), 2187—2212. 
[SwOO] A. F. Swann, Weakening holonomy, ESI preprint No. 816 (2000); in S. Marchiafava et. al. (eds.), Proc. of 

the second meeting on quaternionic structures in Mathematics and Physics, Roma 6-10 September 1999, 

World Scientific, Singapore 2001, 405-415. 
[Va79] I. Vaisman, Locally conformal Kahler manifolds with parallel Lee form, Rend. Math. Roma 12 (1979), 

263-284. 



30 



ILKA AGRICOLA, JULIA BECKER-BENDER, AND HWAJEONG KIM 



Ilka Agricola, Julia Becker-Bender 
Fachbereich Mathematik und Informatik 
Philipps-Universitat Marburg 
Hans-Meerwein-Strasse 
D-35032 Marburg, Germany 
agricolaOmathematik.uiii-marburg.de 
beckbendOmathematik . uni-marburg . de 

Hwajeong Kim 

Department of Mathematics 
Hannam University 
Daejeon 306-791, Republic of Korea 
hwaj kim@hnu . kr 



